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0. FOREWORD

The work done during the period covered by the present FINAL Scientifi c

reports pertains to the followi ng top ics related to the application of

f’unr~ ional analysis in flui dinechanics :

i) Variational formulation of non—linear boundary value problems ;

2) Closed sp lines.

present Report is divided in two parts .

The first part aescribes n~ re or less concisely , according to the needs ,

t.~ e work which has already been extensively reported in available puh]irations .

It con st~; of three chapters :leal ing wi t ,h  : a)  A cIas~ ~: non 1~~near

boundary value problems ; b) Applications of’ closed sp lirw func t ions ;

c) ~ ime r i— ’a1 speriim . ntatic,ns with closed splines .

ne iiescri p ion of i h e  nature of this work and at’ the publications it. has

cI~ -i iLrIa ~ e~1 iS given in what follows.

~s a n a tu r &. deve lopment of’ the reneMrch program en applications of

‘ lotl a L aiy~~1~ • ‘  flui d—mechanics , the main oh ,~ectiv e of the

:- ~~~ of tb~ i~~VPs~ i gation was clearly to he identified with the

ext~er~ ion of ttie results foun d for linear problems to as large a c’IL, :r- of

r c n — l i n e a r  problems as pccsible .

A fi rst posi’ive ;t~~p in th i s  direction has been accomplished.

Thc ~ol 1owing pr~ ~~~ has been invt-sti gated and solved: variational for—

r u i a~. t n  of the 0)0-linear problem where A is a positive

defin i te , formally cclf—adjoint operator in a suitably defined Hu bert.

space H of the fun -
~~ :cn ~ ( 1~ ) and is a ~rech1 diffcrent~~able ann-

Up er a t n~r Ic f ~1( ’  j I n  11.

A m l . ve rs i c n  n i  paper i~-c r i b i n~ t h i.; work and 1— 0—a nt bore d by t h e

pri  nci pal i nvest.i ~‘at r ~r ;n 1  l y  r . C’. ~~I IA has been p r e s t n t ’ l  ot  t h e  i b i r d

‘~~~greus of t a e  I t a l i a n  A suor ia t ion  for  Theore tica l~ and Applied Mechan i o~

(A r M F ’ T A ) hold in  C~~~ iar i  ( I t a l y ) duri ng the m onth  of r t c h e i , j~~7~
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In the preprint of this paper acknowledgn~ nt to AFOSR support

~ as inadvertedly omitted and only the sponsoring received by the second

author ~ as acknowledged. This error will be corrected in the second

version of the paper (see later).

Further studies on the subject have led to a much improved formulation

and solution of said problem. This has resulted in the paper:

1. L.G. NAPOLITANO, C. GOLIA : “ Dual Variational Formulation

of a non—Linear  Boundary- Value Problem ”

which will be submitted for publication in an International Journal .

Since the first version of the papa.r is available 
~~~ 1} 

and the

final version presents only formal inrprovements of the first one , only

a concise description of the results needs to be given. ‘I. is will be

found in Part I of the present Report, chapter one.

The activity concerning closed splines h as been concerned with :

i) working out applications of the closed spline functions introduced

by the principal investigator ~~ef. 2]

ii) carrying out numerical sperimentation with these closed splines

iii) defining and studying the properties of a new class of closed splines:

the Hermite closed splines

The definit ion , characterization and properties of closed spliries were

described in the Final Scienti fic Report of’ the previous Grant AFOSH

76—2889 IRef. 2J . These new classes of splines yielded interpolating

funct ions for closed curves and possess all the prcperties of sp line—

functions . Conventional approaches still largely use conventional

Sp l in e s to interpolate closed curves: the analysis reported itt f3J illus —

trates the many shortcomings of such an approach and shows ho~i markedly
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superior is the use of closed splines . To clearly substantiate these

theoretical predictions it was felt appropriate to work out some examples

of applications . -

The problem of interpolating si~~iificant airfoil shapes was considered

and results obtained from classical and closed—splines formulations were

compared.

These examples of applications of closed—splines are described in

Part I of the present report , chapter two . They were include d in the

~aper:

2. L.G.  NAPO LITANO , V. LOSI’1~ “ The closed sp lines functions ”

which has been accepted for publication in the “Journal of Computational

Physics”.

Once the theory of closed spline functions had been developed, the next

stage of analysis was addressed. It concerned a number of questions

related to the optimal use of closed splines in a computational scheme

ari d called for extensive numerical sperimentation .

This phase of the work is completed arid its results are Oscr~Ibe~ in the

following paper which has been accepted for presentation at the Congress

of the Italian Association for Aeronautics and Astronautics (AIDAA ) whi ch

will be held in Milan , during the last week of Septebmer 1977:

3. L.G. NAPOLITANO, V. LOSITO and A. VITIELLO “Numerical

sperimentation with Closed Splines “

For this reason only a concise summary of theproblezns addressed and

of the results obtained will be ~ .ven in Part I of this report, Chapter

three.

The second part of this report descr ib~ ~ extenso the third development

of’ the research work on closed sp line , i.... the one related to Hermite

closed splines.



5

PAR T I SUMMARY OF WORK ALREADY PUBLISHED

1.1. INTRODUCTION

As mentioned in the Foreword, this first part of the report describes

concisely work which is already available or will shortly become available

in published form.

1.2. DUAL VAR IATIONAL FORMUI~ATION OF A CLASS OF NON LINEAR BOUN DAR Y

VALUE PROBLE?.~~

The following class of non-linear boundary value problems P1 (u~J ~~ 4jhas

been considered, where A is a positive definite, formally self—adjoint

operator in a suitably defined Hilbert space H of the functions ( u ) and

f is a Frechet di”ferentiable non—linear operator defined on H.

First the conditions on f which allow a strong variational formulation

of the problem have been determined. It has been found that these conditions

reduce to the sym metry of the non—linear mapping f (u).

Subsequently the hybrid strong variational formulation has been derived from

which the dual variational formulations have been obtained as particular

cases see Refs (5 ) , (6~ originated under a previous grant for the meaning
which is ascribed to hybrid functionals in the subject contex~/ .
Finally , upper arid lower bounds for the exact solution and error estimates for

the approximate solutions have been found .

The approach used is based on the search of an hybri d functional by means

of integration , in a cartesian product of two suitable Hilbert spaces, of

a gradient . Imnosition of the integrability conditions and of appropriate

stationarily conditions leads to the requirements on A and f that must be

satisfied for a strong variational formulation to be possible. The subsequent
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developments are based on more or less straight—forward application of

I’unctional analysis results which are either classical or were obtained

during previous grants : (Refs . (5) , ( 6 ) 7

1.3. EXAMPLES OF APPLICATION OF CLOSED SPLINES.

A number of numerical techniques for the solution of planar inviscid flow

fields around airfoils require knowledge of the parametric equations

x L’? ? 1 ~~(t) of the airfoil’s profile in terms of its arc length ~~~~ .

These equations must be found by interpol ating the data z~ (x ~ representing
the ordinates of the uppe r and lower profile at a number of stations x~ .

The arc length 2: is , of course, not known a priori and the problem has to

be solved iteratively. A possible procedure is as follows.

Assume as curve parameter the length w measured along the polygonal con-

necting the assigned profile points P~ to obtain , from the data z~ = z C x . )

two sets of values :

~w~1~~3
where w~ w (P1)

From these two sets construct the two interpolating functions x(w); 1(w) and

compute

w~’ ~(~) f [ (
~ 

~~~~~~ (j~} 7
The quantity ~~~ ~~which would give the profile ’s arc length if x(w),

z(w) where the exact parametric equations of the profile in terms of w J
is taken as the new curve parameter and the cycle is repeated. From the

--
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new sets of values f W~ ~, ~~~~ ~ 
14~~~ z~ z(t~Jj  [where i(~ /

w
1f

~(w~)Jtuo new interpolating functions X~ 
~ 

~~
constructed, a new curve par ameter 14’ (w J determined arid so on.

(tj ( t- t~
) J

The iteration terminates when / W W ~~~~~~~~~~ is smaller than a pre-

ass igned smal l quantity for then the r—th iterate w 
r )  

pr aticalj .y coincides

with the arc length ( 2 ) and the functions ~k’[W ]’Z[/t”~~~Likewise

coincide with the interpolating functions X(V ] J Z(~~)

At each cycle the pr9cedure requires the construction of two interpolating

functions X [W 
~
‘
~~
]1 �rw~’J. In the examples to be discussed hereconventional and closed cubic splines (q 2) with sever fl values for ti are

considered.

The interpolating functions based on conventional splines are denoted

without any subscript and those based on closed splines with a subscript (c).

To simplify the notations, primes will always denote derivatives with respect

to the pertinent parameter .

According to the results of the theory, (see Refs (2) ,(3)Jfor any (n) and

at each cycle: x ’ , x ’’, z’, z ’’ will be continuous every-where , x ’ and z’

will be discontinuous at the closure point 1 x ’’ and z ’’ will be continuous

everywhere but wi ll vanish at the closure point . Hence , at this point ,

the conventional splines will yield an infinite radius of curvature H.

To facilitate comparison with exact values a f ami ly of elliptic profiles

is considered, which is defined by the equations x ~(l—cos 9), z = sin 9
where & is the polar angle and 0.5 ~ ~ 1 is the thickness ratio.

The closure point is the point corresponding to 9 = 0 and the other points

P~ correspond to constant increments in 9.

The question of the optimal location of the points P. is an interesting one

and becomes very important for low values of . It will be addressed in

the next paragraph.
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The discussion will be limited to the final interpolating parametric

cur ves x ( 
~ 

) ,  z ( D ) as in all cases considered the iteration converged

very rapidly (at moat two cycles were needed).

Due to the symmetries of the airfoils and to the choice of the points P., the

discontinuity in the drivative z’ at the closure point turns out to be zero
,~ +

whereas that of the derivative x ’ is equal to twice the value of x ’ at 7= 0

The values of the discontinuities x ’ at the closure point for different

values of (n) and for elliptic airfoils 
~
?= 1, .75, .5) are shown in

Tab. 1. Obviously they do decrease as n increases , but the point here

is that a much better result (vani shing discontinuities) can be obt ained at

no cost (i.e. without having to increase the number of subintervals ) with the

use of closed spline functions. Tab. I also shows that things get worse

as decreases: the same trend will be found in all other features.

Values of the derivatives d .x/dr  and dz/dV are shcMn in Tab. lIa through

lie for the same three values of and n=8. Due to the symmetry of the

profiles only values for 0 
~~~ & .~~ 

7 are listed: the first column gives

the exact values, the other two columns give the values obtained with the

closed splirie and the classical spline , respectively.

As anticipated in Ref’s (2) .(3)

i) the discontinuity at the closure point is associated with poor

accuracy in its neighborhood. Thus, since~~X 0 whereas ~~z’ = 0 at
the closure point, the accuracy in x ’ is worse than in z’ in its

nei ghborhood. Tables II show that both accuracies decrease as

decreases and that the results yielded by the closed splines are far

superior to those given by the conventional ones ;

ii) the discontinuity at the closure point influences the behaviour of

the interpolating function throughout. Thus, for instance, the inter-

polating functions based on classical spline fa i l  to exhibit the symmetry

propert ies d x I d Z ( ~ / ., +&) dx/d VV (/2 ~ ) and 1;Y~~r (  
~‘2 

+ ~~ =

— dz/dV — 9 ), which are instead satisfied by the interpolating
functions based on closed spline ; 
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iii) as one moves away from the closure point the “smoothness properti es”

of ~ho ir~terpiiating functions based on classical spline tend to

approach , at a rat e depe ndi ng on the curve to be interpolated , those

of the interpolat ing function s based on closed splines .

~~act. and app r :xi~~~~ valut~, of th~ ra~ i~~ ~f ~u~-vatur H were also analyzed

for ~ ‘ = 1 and~~~ 0.5 with n=8. The analysis confirmed that :

1) the classical spline interpdlating function is vast~~ off in the

neighborhood of the closure point, whereas the closed spline gives there

very sat isfactory values ;

~ ; the p~ rfcrL ’iance of the classical spline approaches that of the closed

spl ine suff i cient ly far away from the closure point .
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TM. I

)
~ COflt )fl uite~ •

~~A ~t the c)Osure point tor a~tferen t valu e s ~ t

n when •l)i rt lr  ~irf ofls are approx ima ted by means of classical

sp line s .

Ell iptic Airfoils 
6x ’

Percentu a l Th i cki es s

p n~R fl L l6 nz32

1 .4944 .2322 .1)39

.15 . 14~u .330€ .15 4.6

.50 1 .1 3 1 0 f .5546 .2444 
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1.14. NUMERICAL SPERIMENTATION WITH CLOSED SPLINES.

As discussea. in the previ ous paragraph the performance of closed—splines

interpolating fun ct ions tended to become worse and worse as the percentua~
thickness (

~~
) of the elliptical ai r foi ls decreased .

This tendency is to be as cribed to the fact that , as decreases, the

curvatures at the leading (and trailing ) edges of the ai rfoi l incre ase

where as that of the central part de creases . Hence there was a clear

i ndication that an uniform polar angle -
. 

spacing of the data poi nts P~ is

not always adequate .

The optimal distribution of a prescribed total numer ( n )  of points P .

constituted the f irst  objective of numerical sperimentation with closed

spline.

The obvious speculation was that the points P . had t be “con centrated ” in the

large curvature region. Numerical sperimentation confirmed v-his speculation

and showed a marked improvement in the accuracy of the interpolating functions

with the use of cubic closed 3plines .

These encour aging~ resu1t~ po int to a very promising area of further theoretical

rcsearch , name ly that of optimal location of data points . Some preliminary

suggestions on possible theoretical approaches are g iven in the paper ~rent i c ~nei

j - , - : - ‘- ‘~“~:c-r i .  ~ Pef ~~J
The rel ation remedy is natural ly applicable only when one can prescribe

arb i t ra r i ly  the position of the points P1.

Whet. t t4is is not the case, i.e. whe n both the total number of points and

their  locations are given , the alternative may seem to be an increase in the

degree (~~ )of  the c osed spli ne .

Extensive numerical sperimentation proved however that,in general, this is

not so. tt turned out. , indeed ,that for each number ( n ) of points

P. ( and given d is t r ibut ion of them) there is an optimal value q0 of the
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degree of the spline that gives the “best ” approxi mation . Or , equivalently,

for any given degree of th~ spline thea’e is , fo r a given distribution , and

optimal value n of point P. whi ch yields the “best ” approximation .

The optimal value ‘Vlo(~ ) increases with q. Thus, as stated, it is a

fallacious illusion the one that , for a given fi xed number of’ points P.

ai_ad a given distribution of them , hopes to increase the accuracy of the

interpolation by increasing the degree of the spline . This wi ll be the

case if and only if the in i t ia l  degree of the sp line is less than the

optimal one corresponding to the given number (n) of points.

This being the state of affairs the true problem is then how to improve

on the accuracy of the approximation when both the number of point s (nad

their distribution) and the degree of the spline (at its optimal value)

are fixed.

Also for this problem some preliminary suggestions are offered in the

paper mentioned in the Foreword LR e f .  (
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P A R T  I I

HERMI ’f~ CLOSED SP LI NE F~JNCTI0N S

by

L. G. NAPOLITANO

1. INTRODUCTION

In computational aerodynamics it is often necessary to solve interpo—
• 1 -at -i ng p roblems related to “ai r foils ” , i . e .  to closed curves .

Using classical spline functions to interpolate airfoil’s ordinates

prescribed on a fi nite set of poi nt is unsatisfactory , and on many

important accounts f 1] and a markedly better approach is afforded by

the closed spline functions ri].
A similar situation arises when the data to be interpolated represent

values of the functions and of its f i rs t derivat ive at a given set of

points .
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Consider indeed the problem solved by classical Hermite spline

fu nctions .

Give n a closed interval , reduced through suitable normalization to

L O~lJ) (n+l ) points 1~~ ~~~~~~~~~ 
with :

and ( 2 n )  real numbers ( r i ) ;  ( r i ’ )  ( / ~~ L~ .~~ fl .p4./) the interpolating

Hermite spline function of order £.
~ < fl. ~t (corresponding to the

(n + i) point s P~, and to the sets 
~ is the uni que

function 
~ 

which solves the following

minimization problem:

~~n

I (1.1)

where 4?~z)denotes the first derivative of .~ ‘(z ) and /1 1~, I ]
~~~~~~ H U e r t  space of real functions 

) 
defined on ( 0, 1 Jan d

hav ing a square-integrable q—th derivative 
~~

The space /~~ L 0, I] quantifies the n- ’tion of “degree of smoothness ”

C, ’ .e i nterpolating curve .

The Hermite in terpolat ing splines belong to the 2. ~n t  / )  — di tnen—

‘~~ i ‘~~sr 
~~ S ~~~~ 

c~ ~~~~~~~ Thr .~ t i o n~

def ine d on L~~, Ija nd such th at L 2  3
• -t~ ~~(~)ic -a p~~inom~ai of’ d’~~r’c ~2Lj~1~ ~n ‘ . c h  of the open

intervals ; (t�L ~~~ ~t)

~‘i i’~~ ~~ cc~ • (~ H) ‘~ti’-ec at~~ ~~~~~~~~ ~~~~~~~ ~~,.
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c) the derivatives of ~~~)from ordersV~
’o (2q—l) vanish at

the points ~ = o, = i
ii~ - l

Such an Hermite spu me is given by f2 J :
2 ‘ /  ~~~~‘ 

2.~~-Z_ + 
‘(r-

j zO  d j ! ~
= ‘

‘IL 2 ’

where :

~ ~
-( C~

-
~~

)
~~° ( 1.3)

+ 

L °

;.- 7’
and the 2 (n+1) coefficients A.., A~ satisfy the q equations :

.~~~

I 

L~~~~~
k 

~ 0

(with the convention that k 0 for k = 0).

By imposing the 2 ( n  + 1) additional requirement s

,j 
) (1.5)

the ~q + 2 ( n + 1) ] coefficient s , A~ , A~ are uniquely determi ned

E 2]’ and so it is the resulting Hernilte interpolating function
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solving problem (1.1)

If the data to be interpolated correspond to a closed curve then: I~~~ ~~~~~

(closure point )) ~~ z ~~~~~~~~ j  ~~ 
and t is to be inter-

preted as the curvilinear coordinate of a sufficiently smooth and

regular closed contour C normalized w i t h  respect to its length (1 7
If , to interpolate these dat a , one uses the classical Hermi .te function

~~ (z )= ~~ 
(~Z) / where ~ (t) is defined by (1.2.) through (1.5)

with ~ ~~ ~~~ then ~~(~~ wi ll indeed h ave the above mentionedI ‘,~z.,’I ., / 
—

spline properties in each of the (n) open sub-intervals JT~, ?~~,L,(I .~’t_’ ~1 t1)

However, at the closure point ~P, rP,~., :
i) the conditions ~~~~~~~ t: ,4, ~~,c ~~~~~~guar antee only the continuity

of the function and of its first derivative ; the other derivatives, up

to the order (q—l), will not be continuous Euniess the location of

points and the data sets {t ~ ~~, 
{ 

~~ 
satisfy parti cular

s~~nznet ry conditions J , their discontinuit ies being uni que ly determi ned;

(upon the uniqueness of the solution of problem (1.1)1 5

i i)  the subsequent derivatives, up to the order (2q—3)1 are continuous

but vani~~ ide ntically ~ upon the propertis (b )  and ( c )  of ~~(ZJ J)

iii) the discontinuity of the remaining derivatives are likewise

uniquely determined: that of the (2q—2)—th derivative being equal

to (A
’
X~~~, ) and that of the (2q-1)-th derivative being equal to

- ) .

Thus , as for the problem considered in , the use of conve ntional

Herrn ite spline functions for closed curves presents a number of shortcomi ngs .

Unwanted s icontinuites are introduced at the closure point and the vanishing

of the derivatives from orde rs q to (2 q — 3) may be too penal iz ing,

especiaL y for low values of q. In addition , always because of point i)  

.-—~~~~~~ - - —--~~~~~- - •  —
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above , the -terpolating function does not belong to ~~ (C). Hence,

its “degree of smoothness ” is not characterized and , perhaps more

critically, ~~ does not satisfy any minimum problem.

~i~e - s ~~~ t comings ~~e ci~~~i uated if one uses the notion of closed

splines introduced by the author in I l l  and constructs a new class of

c”oh ~~T~ines , the Hermite closed splines , constituting, as the others,

a Siih ’~~~cc -~~~ ~~~~- ~~- “
~~~-~~ -

~~~. ~~~~ ~~~~~~~~ ~~~b .

The approach to bt used to constru(’t and study Hermite closed splines

is based on the abstract—space ~p 1ine  t~~- ci - .y -Ie t a i 1~~” .~~

perhaps appropriate tojustify its use.

O ne might argue that all one needs is the introduction of (q—2) additional

parameters to impose the missing continuity of the derivatives from

orders 2 to (q — 1). This speculation is ~ibstantiai1y correct. The

resulting iiiterpolating spline would have a total of~~~~+Z(~1~~I) tq zJ~2(9~~)
parameters arid would essentially cr , in oi dp w i t h  what we call a He rmite

.~~to ng ~~~~~~~~~~ ~e ~cr ulie wou~ i t e~ l at loss as to how

act ual ly to proceed , and , sore fun damentally , quest ionc related to 

-. - - - - -  •
~~‘-~~-L~~:ng functions would be left

unanswered. Furtherrnore)it would be difficult to ascertain and eventually

e~ ~~~~~~~~~ ‘ -~~~~ ~~~~ - ~~~~ problem and a

f t r f l rrli zat i on proh Lem , to ide nt ify the subspace generated by these “spi i nes ”1
to dc.~cribe their extrenal properties and so on.

~~~~~~. c’-~ 
. . , -~~~

. :~ - ~~i t r as t , are mos t simp ly resolve d by using

abs tract spacP ‘~1)1 1 n~ ~ ec’ .

,.~, ti~ i ’  • to tacil i~ ate- ~~ ~~~~~~~ ... ~~~~~ 
. ,

~~~~~~~ - ‘ 0 ’ . ~~~~~~~~~~~ ‘T~ ’? finitiOyi

character i za tion  and p roperties of Fi ermi f e  c ’losed— sp J i e  funct ions are

“~~ c b  ~~ - I di ’ .oUt )r. ~n par~~ rrtph ( ?) .

Existen ce uniqueness character izat ion ext remal and other relevant

tiroperties are proven in paragraph (~
) , whe re in ~‘cr p1e~ e’~~ss ’ sake , the

~~~~ 
• L~~’ d  ‘~‘~ -• ‘ •~1’~ ~~~~~, ~~~~~i •   

~~~~~ of spline—functions

. — .-----— — -• ---—---------- -~-----------•-- ----•———--- —•- - --
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are also concisely recalled.

As this paper employs , with f c w  vari ant s , the same approach develope d

in L l J  i t  wi l l  be rather more concise and reference is to be made

to fi J for missing detai~~~.

c. ijE~ lNi~~lONS , CHARACTERIZATION AND PROPERTIES OF HERMITE CLOSED SPLINES

a) ~~finitior~

Let C be a s u f f i c i en t l y smooth c lj sed  contou r . Denote by ~~ the curvi—

l i n ~ ar ~flO ! ’ r ~t ’ c ~~~ -M ~~- ’ 
~~~~~~~~~~~~~~~~~~~~ ~~ r t F ~ib: r~~tial point P

~
and norrnalize~I w i t h  respe -t ~• u th e  length of C , so tha t  O � ~ -~~ I
to  be referr ed ~c as en--  ‘. ~~~~ p . .:n ’ ~:• ~h~- contour , is characterized

by either value Z = 
~~~~~ 

Z i  -

Consider C s )  arh i~~r - r - ’. .~- co ~~-;~ ~
- i -

~~~s ~ . ( I ~~L ~~~~~ C: let V.be their

curvi l inear  coor -j ina t ~-.: ~ H h :

C Z < - - - - ‘-.

and pre ~Hb e  ( 7 ” )  r~~s I 
~- -o ’o ~-r . .  

~~~ /

The Hermite  closed ir : te rpolat i rg  sp l ine  ~~~ - f  i rg r~~’ ( q )  corresponding to

the (n) tri piet~ (2 .; ‘t 1 ~ 
( / ~~ 

C -~~ f l -  ) is ~1efined as the unique
element of H~ (C) such th tt :

~ t~
] 
~~ ~ (2.1)

r= /~
- ~ ~~C) / ~~ ~~~~ 

/ ~

-~~~~~~~~~~
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In order for 
~~E ~~~ to be su— ’h a Herinite closed interpolating spline

it  is necessary and s u ff i c i e n t  that :

a)  ~~ be a polynomi al of degree (2 q- l )  in  each ope n sub—interval

J o~z, ,Yz [ , _ - - _  ]
~~1~~-~1r 1 - - - - J ~~ 1 1L;

b )  ~~ ~- Iu-o uc , n H , o.~-~ t . :pr w i t h  its first (~‘q — 3) den —

vat ives , i . e.

v k6 L~2~-3]
( k )  

~~~~~~ ~~ - 
- -~ ~~~~~ - 

- ~ E L 2 7Z.] j
~~~

L d’ 
- ,  

~___~~~
(_ I / ‘ - I

c) 0 be such tah t

1 (ZL-) ~: ~~ 
‘(

~~ ) 
/ 

~ C’~ nJ

The set of f un c t i o n s  
~~ (~~~

) 6 ~~ t~~i!~ r -~ two cona i t ions

cons t i tu tes  a suhcp ace~~ ~t h e  spac~ ~ t Heon~ t e  ~~ - ~e.i s~ - J i n e  func t ions

corresponding to trie set ~~~~~~-j ] oi i iu ’~n n i o n  ~~n ) .

t )  C~’ar act e r i z a t i o n
I

An element . of ~{~~1 C)  t~~ ’ :c~~ 
- 

~~ - 
- - -

~ 
.- - j - - c -

~ -S o: ~
---

~~~~
- 

~ c ~- T .~~~~i spl i n~s

co rc~~pLI1ntLng to 
~~~11f’ i t  is  re~-r ~- n - n ’a~ 1~ as

— 2~j — i

~~~~~~~~ ~ 
A ( ~-z~j~ J ‘2.2)

~~z C  I d ! ~~~~~
‘ 

(~~~~~ 
-~

j C2~~-2)!

where the (‘-n) coeffi H - n ’  A : c - i  ‘~~~~~ - ( H ~~) ~c-’ffi ‘ient.s ~~~~ . sa t i sfy

~he fo1lowi~~g (2 q )  e j 1 q ’.i n c :  I 

-- -
~~~~~~~~~~~



- - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

2t~

2 ~(~~~O
( 2 . 3 )

9~~~i 
(2.4)

~~~~~~~~~ 

(
~-i)~ (

~-i~~O!
k

The fun ctions is defi ne d by equation ( 1 . 3) :  i t  is continuous on C

together w i t h  i ts  f i rst ( k  — 1) deri vatives and i ts  k—th derivative is dis-

continuous at~~~~Z~, the discontinui ty being equal to (i!) ~2J.
The (~~q - - l)—th  anl  ( 2 q — 2 ) — t h  derivatives of s ( ) are given by:

~~~~~~~ 
-‘

~~~~ 
(z- _ z

~~):

(2~~-2)( )  ~~ ~ / 7  ( ~
) ~(: (~ 

z~)°J
~~~~~~~~~~~ 2~ -~ ~-~~~I

Hence :

i) the ( 2 q — l) - -th derivat ive of s ( ‘
~~

- ) is p iecewise constant in each

open sub—interval . Spec i f ica l ly it is equal to ( )!‘3 -t �...

i- ri Jz: ~~ 
( ( i � e .~~~n - i) and to ~~~~~~in Jt  . Thus the (n)

coeffi oient~ T - r ~~c, -~~r t:~e v:~iuo: of  the discontinuity :

(~~
-1)

(~~~)  ~(a~-~2(~

at the Points P . .  N o t i - --e ~ha~ for ~ / i t  i3 Z1 -~~~~& ,,
‘ Z,, ; thus

~ ~~)(~) (ac- I)
( )  ~~~~~~(i 1~~ ~~~ -?

~~ 
A ,

i i)  The (2 q— 2 ) — t h  derivat i ve of s C Z) is piecewise linear in each open

sub-interval .  Specifically , it is equal to

+ Z ~ ~~~r~- - 1 -~ ~~a~~~-- -

in 3 Z, 7. .~ 
~~ 

(i ~ ~~~ —~) and , on account of eqs (2.3) and (2.)4)
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for r = l , to

(a~-.~)
in 3 Z~~ . The dis continuities of at the points

are thus give n by:

-‘ C~~~~~~~
L)

~ r~
) C~

) 
~~~~~~~~~~~~~~~~~~ 

A , - = l

Hence the coefficients represent the discontinuities of the (~~~y 2~~~— t h

derivatives of s ( V)  at the points L / �  ~ -
~~

Notice how the closure point ( ) is in no way differentiated from the

other ( in ter ior ) points .

Given (2n) arbitrary real numbers �~‘/ ç~, thre is a -  uni que Heninite closed

spl ine corresponding to the set such that :

~~~~~~~~~~~~ (~~~~~~ ± it) (2.5)

Conseauentlv , the system of 2(n + q) equations (2.3), (2.L), (2.~~),

2 ~n + ~) u~ ei’ficient s  appearing in  the -uni que in t e r p o l a t i n g  Hermi te sp line

o wh i  cli solves the mi ni rnum p r ob l e m  - - . 1 ) .

c)  Pr~perties

- - . ~
) ii ‘

~ - . - :
- ~

- - H ~~~ ~~~~~~ ~~~~ 1~~.ct~ oO , ~~ ~~f lt  ~ S :

4c

~ 
~ ) f~ J dz ~ ‘)~~~ L~ /(i

.J~~~~~~~

’ 

~
(
~7 (2. 6)

--- ---4
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In particular :

~~ (v) ~~~~ 
912~ 0 

(2.7)

The minimization problem (2.1) solved by ~ (V)is a particular case of

the following more general ex-tremal properties .

Give n (n) arbitrary but fixed V~
’-~ ~~is the unique element

of
~•.SUc such that 

~~~~~~ &(Z~):t
’then ,

A )  Fo~~c~vt-~. ~PE I:

L ~~~~~ rlJ orf.
~

: ( 2. 6)

and any other element Q o f  S having this property differs from (5 by

a constant;

J3)for an~ ~~~I~c
cL [~~- ~~~iJ20f (2.9)

J c 42~~7 ~
and ~~ is the uni quo element of I having this property .

If the r.h.s. of equations (2.4) is denoted by L~~, the discontinuity S~~~ (F
~~
)

of the k—tb derivative of’ ~ at the closure point P , is given by

(.k 1
~~~~~~ 

— — - — - --— -- --—--- - - - — -~~-
.-—-—--------- - -
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~~~~~~~~~~~
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~~~~~
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Hence of the (2q—1 ) homogeneous conditions given by e~~ations (2.4) only

the last (2q-2) correspond to the required continuity conditions at the

closure point. The remaining one (for a 1), which reads :

- ~~~ 0 (2.10)
t~~~~

I

~~ - co - -c , ~s e~ un~ i o n  f7~3), t -v i -o- -s  ‘-on ne ’- lOP condit ions for

the discontinui -tj es .

Indeed, if h(t) is any funct ion discontinuous at the point and if we

let:

- ,
~~ 

(z~~~~, 
) -  A. (Z~~t)

~ I~( P j -  ~~~~~ - ,
~(~ ;~

)
then , 

- A (~~
) 

~ ~ 
(
~ ~

,)
so that, by summing fcr Ci ) from C 

~ 
) tc Cm ) and cons ider ing that ,

by the defini tion of the closing point , ~~~~ ~~~~~ 0 one obtains
that tne ~: c~~ ti:Ii ~ ties ô ~ (i~) mus t satisfy the “congruence” con-
dition :

~~
(~~~~ I t- / 

(z~~-iJwh ich is really checked to reduce to equat ion ( 2 . 3 )  for h ( v )  =

7 ~~ o equation (2.lO~ for h (~~ ) = ~~~~~~~~~~ L~~~~A~~nce

it is aocountect for tOw fact that:
(2~~-i,)

L1~~ 

(2~ -a) 2)  (
~ ,

~~~~~~~~ 

A
1
) (z~ 1 -~~ )

~~~‘ ‘  d~~(
~~ -‘) (aol- li

where 
~~~
., is tho constant value of .~ in the

subinterval J ?, Z~~ L a:; - Z,.,,, -~~ I 0..

IL — ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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3. NERMITE CLOSED SPLINES: PROOFS OF EXISTENCE UNIQUENESS MID

CH.ARACTERI ZATION

Proofs of the statements made in the previous paragra~~s hinge on the

Hu bert space formulation of spline—functions theory detailed in L21

For the sake both of self—completeness and of ready reference the basic

results1as directly specialized to the present needs1 are briefly summarized.

A slightly more general formulation was given in (iJ : greater details

are to be found in 12].
&

If C is~
’V ufficiently smooth and regular closed contour, consider the

two Hilbert spaces X~ II~ (~)and .~Jz  /] (C)with their standard inner

products (denoted by ~~~ 
, 

~~~~~~~~~ 
and <~ ~ > H° ~ and the

linear continuous operator D~ (cJ_>H°(ajwhereJ7~
denotes the q—th

derivative with respect to the previously defined curvilinear coordinate

e L 0, iJ , normalized with respect to the length of C.

Finally let (2n ) functionals k~ ) : c ) ~ ’~1 be defined by:

~~~ 
x~~~)~ t; ~~~ (3.1)

< x j  ~ ±

with :

Q-~ 
Z , ‘ ~ ~~~ ~

By letting Z ~ )a finite dimension al subspace , and

Z lI ~~~~~J
_

~~~~~)
t

fl /
t~l/ t2 , ~~~~ 

6 Z

equations (3.1) define an operator A: Z and, for any
fixed .Z, a subset 1

~ ~f X , supposed non empty :

r ~~~~~~~~ x )  ~~~~~m Z
( 3 . 2 )

_ _ _ _ _ _
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The null spaces of the operators A and D are given by:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ /~i~~f l J

~ x~~N~(c)/ A OJ~ /xE~~T(c) /x=~~~~.J

Their dimensions are equal to (2n) and to one , respectively, so that
W (D ~) 1) N(&~~~provided n >1.

Hence , L2 3 ,  ‘n .~ m i n i m u m  problem:

~~~~~~ ~~~~~~~~~~ ~~ )J dZ = [~ ~)]~z
(3 .~~)/ K ¶(~) /~ 

x (z~)

-- , ~~~ ~~ 
- / ~~ ) c~ ~has a uni que solutjo~ (5~~~ ~ // ‘~ (C..) , for any Z , as long as n ., 1.

i’his unique element~~~Iis herein called the Herniite interpolating
closed spline correspondi ng to ( H~(c) , A , z

I I ~ /The (2 n ) -  di mens iona l  subspace ~~~~ ~~.. /1 of the Herxni -te
closed splines is defin - I by:

( 3 . 4 )

and , f r  any 2 
~~~ 

.2’ , there exist a unique element (3~~ SH such
that . It has the extremal properties described by equations
(~~i~

) and ( 2.9)  L2 7.
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Existence and uniqueness of the solution of the minimum problem

(3.3)Lazi cl, hence ; of the problem (2.l)j is thus proved.

i roof’s of the ch aracterization and properties of the Hermi te closed
interpolating splines discussed in the previous par agraph hinge on
the following theorem r27:

Theorem 3.

is the closed Hermite interpolating function co~~espondin~
K~ / ~J) if there exist (2n ) coefficients A .  and

such that :

~~~~~~~~~

(3.5)

Here denotes the a~ j oint  of D~ and L 7 the orthogonal subspace .

T~o :~ 1 z : t x - a t j o n , w i t h  ~~~ van ation~; , i~ s~~- i ~~~t~~ally the same as that.
ecp loyed in (13 and only the essential points will be detailed.
The -ieri ::iticr of ~o in , ~~~~~~

. ( 3 . 5 )  wit~

J 
)

a~d ~-~j~~ t.- on (
~~.1 

) 
~~~ to:

~~ 
X )Ho ~ (~ 

i)~ [i~ ~ (7~) ~~ ~

6

~I 1~~’ cn~~ ; - - I o -y  - ~~~~~~ L’J~
- i )  ~~~ (‘O f l d i + j~~ r1:; imposeJ ly tr:eorem 1 reduce to the only requirement

that � i
’) ~ •‘~~~~~-p H~ ~r~ hogona1 t , r unity and this leas to:
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b) Characterizing c~Q’~ ai~~unt s to finding a function ~L’~ #
‘
~C)

which verifies the identity

~~~~ 
(..j )~~ 

~~~A x (z~) -ii ~ ~ ‘(‘-J 7 ~ ~~, 
K >~~~~

~~

subject to the conditions (3.6) for then one has:

+ 
(3.~ )

LV
with an arbitrary constant and such an expression for (5 will

0
contain (2n) arbitrary independent parameters .

Mac—Launin developments of X (Z~~) arid K with the rest

expressed in integral fqrm yields :

3~ _ _ _ _

j C (c~
_ ç ) /

d~ ’ ( i - i) !  Ic (~ -a).I

Account for the identity

~~~~~~~~~~ (~)1(~ 
~~~~~~~~~~~~~ 

(z~ ~~)9 /

apply the binomial formula to ~~~ ~~J 
~ 

and ~~J ana define :

3 
-

L- I

( 3 . 8 )
‘fl ~ ?~O



~
-

~ - - --- --
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to obtain: rsince ?f~ = 0 upon eq. (3.6) and = 0 by definition]:

~~~~ ~~ ~~ 
x (re) ~ ~~~

~ / d , +
~~

-j  x~ (o) 
~ (3.9)

/ ~ ¶ -2

~ f~ / I~ (r-z~~ A~ (~
-
~

)
~ -~~ ~(z)~ ~~~i;~X Y?~

/ / ~
‘ , L 

~~ ~~~~~ -2)) 
-

with :

I (
~~ T±1 4~E~ (

~~,)d 0./, •
~:‘

- 
/ - 1 I, - - I ,_ r) 

c
1 .1 /

(3. iO)

~~~~~~~~ ~~~~~~~~~ _ 
_ _

s - 0  
/

Only the first term on the right hand side of equation ( 3 .9 )  mus t be further
tr~~sIurn~ed to put it in the forts of a scalar product in

-- 

~~~~~~~~ ~- i - ~~~~n i~~) ~~~~~~~~~~ tue (abso’ute) con— -
t_~nuj~~- •~~~

‘ ;~ :,r / k~~- ) in i - ~ir tc that :

— 

- -  - - 
- H) / $-

, 
- - >, - ,- 

~~ ~ -~ - 
~~-

- 
:- - I- 

~
j 

•
, ,_  I - -

( .
~ ,,‘ 

- - -__---- _ _ _
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where :

(3.12 )

~X (~~)~~~2 d’- --f—-
~~2I  ~‘~1

LOt ~ coeffi r.j~ n i- curb that :

S

— — / (3.13)

_ _ _  
= (-0

-
,

~~ 
(~ -~ ~

j-/J ./ 
-

j~~~

substitution of eq. (3.11 ) into eq. (3.9) shows that :

~ ~~~ 
~~~~~~

:‘ 
____

(~-0! c~ -z)!

Hence, on account of e q .  (~~~.7 ) , the following characterization of’
ic obtained:

~~ 
[Ai (z-r ~~~~~~

’

~ ,
~~ 

(z- z~~~

~~~~ ~~~~~~ ‘~ 1! (3.14)

~1
:- e , upon eqs. (3.10 ) and (3.12):

F
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. ~~~~ ~(_ i)~ (d ~_j~, 
~ ~~~~~ 

) 
(3.15)

S

0 �~ ~~~~ /

Of the (2n + q) coefficients ( 3~~~’ 
~ 

/ ..L
~ appearing in the

expression (3.14) for 15’ (t) Only (2n) are independent .

They are indeed related by eq. (3.6) and by the last (q—l) equations
(3.15 ) which , on substituting 

~~~~ (for ~ 
(7 ) from eq. (3.13)

can be rewritten as:

~~~
-‘ i f

~ L ~ ~ (-i) / J (3.16)d

/ _
~~~~~~~

—
~

Tbe~ e equations for ( 2 — / ) express the vanish-jog of Ihe

discunbinuities ~f t5~~ ’ and of its first (q—3) derivatives at the

closure point , as the following Lemma shows :

Lemma
(
~JThe ~uoctie~ ~~ (~~

) and its f~~r-t ( q ~
- 3 ) derivaties are

continuous on C “

Proof

Given the properties of polynomials and of the functions (‘~
r_ .  Z~) the

stu . tw:t:nt of the lemma needs to be proved only at the closure point

In trie interval 3 1- ~~C2, 2~~. L eq. (3.14) reduces to

~~~~~~ ~~-- ~~~~ . ~~~~~~~~ 
~~ ~b~~d j! 

(i-’)! ( a -a) !

-~~~~~ -~~~~ ~~~~~~~~~~~~~~~~~~~~~ - - ~~~~~~~~--- -~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- - -  -
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tn the interva3. 1 I / ~
- ‘~~~ 

Z )~ 4 — Z~) for any ( i ) so that ,
on account of eqs. (3.10 ), eq. (3.l1~) yields:

~~~ 
(iJ J(~~~. t 

~~~
d~~’

The discontir.uities of the (q + k)—th derivative at the closure point

-u - -  r t ~ -~~
.
~- - r’  ~i ;Ln L-~-

- 

~~~~~~~~~ 

_ _ _ _ _ _  ~ 
(-I) ~~~~~~~~~~~~~~~~~~~

- — - — 

‘ ~ / 
-- s- ;

or, ~ith k + 1 q --

(2~~-~~~’) L’ i~ - — 7

~~~~~~~~~ ÷ (.i) 
_ _

(3 . 17)

and comparison with eq. (3.16) comi-~1e 4~ - - t h - -- r ,r  
~ 

- t  “

2flL hernate cLosed spline functions ~ ( iJ corresponding to the

~ 
ar~ ~ u :~ - ~r~egrat n~ eqi~a~ ion ( 3 . I L )  

~ 
— times ard using

t -~f \  
- 

~~~~~~~~ f~!~~ ~-‘n~- ~~ •h.~ cortiriuity of s (t  ) and of

.LJ “ \~~~~~ (q — 1) derivative r .t~ t h (  C~~~2~~l1~~~ ~~~~~ as ~o mak e ~~~~~~~ ,

char acteri zation of s (?)  given by eq. (2.2). On
- s - - ,- ’ - ~‘ ‘- - 

: ‘  Ii - ) ,~ ~ . ~~~~~ 
t ) - - - - ~ - - ~~~ ~~~~ .j : - - -
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(2q — r — 1)—the derivatives at the closure point are still

given by eqs. (3.17) with )~ now ranging from 2 to (2q — 1).

Hence imposing the continuity of s (z) and of its first (q — 1)

derivatives a~~unts to the statement that eqs . (3.16 ) must hold also

for (r) ranging from the value (q) (corresponding to the condition

~~‘ ~~~ 
~~g):oJto the value (2q - 1) (corresponding to the

condition ~ ~(Pj=oj. F4uations (2.14) are thus proved.

This Comp letes the  Froof of the statements made in paragraph (2).

In particular, equation (2.3) is the condition (3.6) axid equation

(2.7) is the definition (3.!~) of the subspace

-



_  ~~~~-~~~~~~~~~~ ---~~ ~~~
-- - - - - -  --
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